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Based on the updated data of charmoniumlike state Y(4220) reported in the hidden-charm channels of the
e+e− annihilation, we propose a 4S -3D mixing scheme to categorize Y(4220) into the J/ψ family. We find
that the present experimental data can support this charmonium assignment to Y(4220). Thus, Y(4220) plays a
role of a scaling point in constructing higher charmonia above 4 GeV. To further test this scenario, we provide
more abundant information on the decay properties of Y(4220), and predict its charmonium partner ψ(4380),
whose evidence is found by analyzing the e+e− → ψ(3686)pi+pi− data from BESIII. If Y(4220) is indeed a
charmonium, we must face how to settle the established charmonium ψ(4415) in the J/ψ family. In this work,
we may introduce a 5S -4D mixing scheme, and obtain the information of the resonance parameters and partial
open-charm decay widths of ψ(4415), which do not contradict the present experimental data. Additionally, we
predict a charmonium partner ψ(4500) of ψ(4415), which can be accessible at future experiments, especially,
BESIII and BelleII. The studies presented in this work provide new insights to establish the higher charmonium
spectrum.
PACS numbers:
I. INTRODUCTION
In 1974, J/ψ particle was discovered by the E598 [1] Col-
laboration in the p + Be → e+ + e− + x reaction and the
SLAC-SP-017 Collaboration [2] in the e+e− annihilation at
the same time. The observation of J/ψ confirmed the exis-
tence of a charm quark predicted by the Glashow-Iliopoulos-
Maiani mechanism [3]. Since then, a series of charmonium-
like states, ψ(3686) [4], ψ(3770) [5], ψ(4040) [6], ψ(4160) [7],
and ψ(4415) [8], were reported, which construct a main body
of the observed charmonium spectrum as shown in Particle
Data Group (PDG) [9]. In Fig. 1, we collect the correspond-
ing information of the observed charmonia with the year for
their first discoveries. It is obvious that the year 1978 is an im-
portant time point since most of charmonia listed in the latest
PDG were announced.
Under this experimental background, the Cornell model
was proposed by Eichten et al. [18, 19], where the Cornell
potential V(r) = −k/r + r/a2 composed of Coulomb-type and
linear potentials, which depicts the interaction between charm
and anticharm quarks, was postulated and applied to study the
observed charmonia [20]. As a successful phenomenologi-
cal model, the Cornell model can describe the observed char-
monia at that time. Inspired by the Cornell model, different
potential models were developed by various groups [21–34].
Among these, a famous one is the Godfrey-Isgur (GI) model
[34], which has semi-relativistic expression of the kinetic and
potential energy terms. The GI model was employed to quan-
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titatively describe not only meson spectra [34] but also baryon
spectra [35].
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FIG. 1: The observed charmonia with the corresponding first ob-
served year [1, 2, 4–17]. Here, the DD¯ threshold is also given.
Let us focus on the charmonium family. As a consequence
of studying charmonium spectrum by the Cornell model,
the properties of the observed charmonia were decoded, i.e.,
J/ψ(3096) and ηc(2983) are 1S states, and ψ(3686), ψ(4040),
and ψ(4415) are the first, the second, and the third radial ex-
citations of J/ψ(3096), respectively. ηc(3639) is a 2S state.
ψ(3770) and ψ(4160) are the ground and the first radial D-
wave states, respectively. Of course, there exists 2S and
1D mixing of ψ(3686) and ψ(3770) as discussed in Ref.
[36]. hc(3525) is a 1P-wave spin-singlet while χc0(3414),
χc1(3510), and χc2(3556) form a 1P-wave spin-triplet. This
conclusion basically follows the studies [37–39]. Anyway,
we need to keep in mind that the Cornell model is a typical
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2quenched quark models. For higher excitations of the char-
monium family, we should be careful to determine their prop-
erties only by a quenched quark model.
Since 2003, abundant charmoniumlike XYZ states have
been reported by experiments (see Refs. [40, 41] for a re-
view). As the first observed charmoniumlike state, X(3872)
was announced by the Belle Collaboration in the J/ψpi+pi− in-
variant mass spectrum from the Bmeson decay [42]. Since the
mass of X(3872) is lower than that of χc1(2P) state predicted
by quenched quark models like the GI model [34] and is close
to the threshold of DD¯∗ channel, there were extensive discus-
sions of exotic hadron assignments like the DD¯∗ molecular
state [43, 44] or tetraquark state [45, 46]. Theorists have not
given up the effort to categorize X(3872) into the charmonium
family. According to lessons from studying Λ(1405) [47, 48],
Ds0(2317) [49, 51], and Ds1(2460) [50, 51], the importance
of a coupled-channel effect was realized. If considering the
coupled-channel effect, the low mass puzzle of X(3872) can
be understood [52–54], which means that X(3872) as χc1(2P)
state becomes possible by an unquenched quark model.
The study experience of exploring X(3872) tells us that the
coupled-channel effect should be considered seriously, espe-
cially for the higher radial and orbital states. When checking
the charmonium spectrum, we notice that the DD¯ channel is
open for ψ(3770). More open-charm decay channels are open
for higher states ψ(4040), ψ(4160), and ψ(4415). In 2014,
the Lanzhou group once indicated that it is not suitable to as-
sign ψ(4415) as ψ(4S ) state. Due to the similarity between the
charmonium and bottomonium families [55], ψ(4S ) is roughly
predicted to be 4263 MeV by a mass gap estimate, which
is also consistent with mass of ψ(4S ) predicted by potential
models [54, 56] with a color-screening effect. Here, we need
to emphasize that there exists some equivalence between the
screening potential model and coupled-channel model [57],
which is a reason why our mass value of the ψ(4S ) is totally
different from quenched quark models.
Frankly speaking, in the past 40 years, the charmonium
spectrum above 4.16 GeV was not established, which also re-
flects how poorly we understand the nonperturbative behavior
of Quantum Chromodynamics. This situation stimulates our
interest in hunting the evidence of missing higher charmonia
by combining with the updated experimental information of
charmoniumlike Y states in the e+e− annihilations.
In 2013, BESIII released the measurement of the cross sec-
tion e+e− → hcpi+pi− [58], which shows that there may exist
a narrow structure around 4.2 GeV [59]. The resonance pa-
rameter of this narrow structure is the expected ψ(4S ) in Ref.
[55]. Later, BESIII measured the cross section e+e− → ωχcJ
at
√
s = 4.21 − 4.42 GeV, and reported a narrow structure
with m = 4230 ± 8 ± 6 MeV and Γ = 38 ± 12 ± 2 MeV [60].
The Lanzhou group pointed out that this resonance structure
is the missing higher charmonium ψ(4S ) [61]. By analyzing
updated e+e− → pi+pi−ψ(3686) data from Belle [62], the group
again emphasized that the missing ψ(4S ) may exist in the
e+e− → pi+pi−ψ(3686) process [63], which was confirmed by
the BESIII result of e+e− → pi+pi−ψ(3686) [64]. In Ref. [63],
the group also performed a combined fit to the experimental
data of e+e− → ψ(3686)pi+pi− [62], hcpi+pi− [58], and χc0ω
[60], and found that the narrow structures around 4.2 GeV in
different processes can be due to the same state. In 2017, BE-
SIII gave more precise data of e+e− → J/ψpi+pi− [65], which
shows that former super star Y(4260) [66] contains two struc-
tures Y(4220) and Y(4330). This updated BESIII result an-
nounces the end of the era of Y(4260), which lasted 12 years.
The updated e+e− → hcpi+pi− result from BESIII in 2017 pro-
vides the evidence of two structures Y(4220) and Y(4390) ex-
isting in the hcpi+pi− invariant mass spectrum [67], and the later
one is assigned as a Y(4260) partner in the molecular scenario
in Ref. [68, 69] . However, according to these two experi-
mental measurements, the Lanzhou group indicated that only
Y(4220) remains while Y(4330) and Y(4390) can be killed
by the Fano-like interference effect [70–73], which is from
the contributions of two charmonia ψ(4160) and ψ(4415), and
the continuum background [72]. In Fig. 2, we list the res-
onance parameters of 4.2 GeV structures in e+e− → hcpi+pi−
[67], e+e− → J/ψpi+pi− [65], e+e− → ψ(3686)pi+pi− [64], and
e+e− → χc0ω [60].
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FIG. 2: The measured resonance parameters of Y(4220) in hidden-
charm processes e+e− → J/ψpi+pi− [65], e+e− → hcpi+pi− [67],
e+e− → χc0ω [60], and e+e− → ψ(3686)pi+pi− [64].
Hereafter, the structures around 4.2 GeV are collectively
referred to as Y(4220).
In this work, we indicate Y(4220) may play a role of the
scaling point when constructing the whole charmonium fam-
ily, especially, higher charmonium above 4 GeV. We need to
face several key points: (1) The observed charmonia below
4.2 GeV should be well described even assigning Y(4220) to
a charmonium. (2) There must exist a charmonium partner
of Y(4220), which is still missing in experiment and whose
properties should be predicted. The search for this predicted
charmonium partner can be applied to test our scenario. (3) It
is also crucial how to settle ψ(4415) in the J/ψ family since
ψ(4415) is an established charmonium by different experi-
ments.
To quantitatively illustrate these three key points, we adopt
an unquenched potential model to study charmonium mass
spectrum, which will be introduced in the next section. Asso-
ciated with the study of mass spectrum, we further investigate
the open-charm decay channels, where the quark pair creation
(QPC) model is employed. Thus, their total and partial decay
3widths can be obtained, which makes us possible to compare
with the experimental data and to provide the crucial informa-
tion to experimental investigation.
Usually, the mixture happens between nS -wave and (n −
1)D-wave states. A typical example in the charmonium fam-
ily is ψ(3686) and ψ(3770), which can be considered as 2S -
1D wave mixing states. Since masses of ψ(4S ) and ψ(3D)
are close to each other, the S -D wave mixing scheme should
be considered. This inspires us to consider 4S -3D mixing
scheme for Y(4220). Our study supports Y(4220) as a 4S -
3D mixing state existing in the J/ψ family since our result is
consistent with the present experimental data. In addition, we
provide more abundant open-charm decay information, which
can be applied to test this explanation of Y(4220).
Besides putting Y(4220) into the J/ψ family under this
4S -3D mixing scheme, what is more important is the pre-
diction of its charmonium partner ψ(4380). Under this mix-
ing scheme, an interesting phenomenon appears, i.e., the pre-
dicted ψ(4380) mainly decays into DD∗2(2460) and has a weak
coupling to DD¯. Thus, we discuss the possible evidence
of ψ(4380) existing in the reported open-charm decay chan-
nels [74, 75]. According to our studies, we strongly sug-
gest to search for the charmonium partner of Y(4220) via the
DD1(2430), D∗D∗, and DD∗2(2460) channel, which will give
a good chance for BESIII and Belle II to observe.
When categorizing Y(4220) in the J/ψ family, we have to
face how to settle the well established ψ(4415) in the J/ψ
family. In this work, we continue to propose 5S -4D mixing
scheme for ψ(4415) and find that the obtained result strongly
suggests this possibility. To give a definite conclusion, we
need more precise measurements of ψ(4415) like the reso-
nance parameters, and the partial widths of open-charm and
hidden-charm decays. Under this mixing scheme, we natu-
rally predict a charmonium partner of ψ(4415), which is also
still missing. In this work, its mass, width and partial decay
behavior are obtained. The search for it will be an interesting
research issue, and this 5S -4D mixing scheme assignment to
ψ(4415) can be tested in future.
Stimulated by the existence of Y(4220) in the e+e− →
ψ(3686)pi+pi− process [64], we consider whether the predicted
charmonium partner of Y(4220) may exist in the present ex-
perimental data of e+e− → ψ(3686)pi+pi−. In this work, we
reanalyze the data of e+e− → ψ(3686)pi+pi− by introducing the
Fano interference picture [72, 73] proposed by us, and find the
evidence of the charmonium partner of Y(4220).
This paper is organized as follows. After Introduction, we
will give the description of the charmonium spectrum when
setting Y(4220) as a charmoium state (see Sec. II) and pre-
dicting its charmonium partner. In addition, we discuss how to
settle ψ(4415) in the J/ψ family, where 5S -4D mixing scheme
is proposed and the corresponding charmonium partner of
ψ(4415) is predicted. In Sec. III, we continue to analyze the
recent e+e− → ψ(3686)pi+pi− data, and find there should exist
the evidence of the predicted charmonium partner of Y(4220).
Finally, the paper ends with a summary in Section IV.
II. CHARMONIUM SPECTRUM
A. A concise introduction of the methods adopted
To provide the description of the charmonium spectrum, in
this work, we adopt an unquenched potential model, which
has been applied to study heavy-light meson systems [76, 77],
kaon family [78], and bottomonium zoo [79].
The interaction between charm quark and anti-charm quark
can be expressed by the Hamiltonian [34]
H˜ =
(
p2 + m2c
)1/2
+
(
p2 + m2c¯
)1/2
+ V˜eff (p, r) , (1)
where mc and mc¯ are the masses of charm quark and anti-
charm quark, respectively. V˜eff(p, r) contains a short range
γµ ⊗ γµ interaction of one-gluon-exchange and a long range
1⊗1 linear color confining interaction [34]. In the nonrela-
tivistic limit, V˜eff(p, r) can be translated into a familiar non-
relativistic potential Veff(r) = Hconfqq¯ + H
hyp
qq¯ + H
SO
qq¯ . Here, the
first term is a spin-independent potential including the linear
confinement and Coulomb-type potential, and the second term
denotes the color-hyperfine interaction composed of the ten-
sor and contact terms, and the third term is from the spin-orbit
interaction including the color-magnetic term HSO(cm)qq¯ and the
Thomas-precession term HSO(tp)qq¯ [34]. There are two aspects
reflecting the relativistic corrections [34], i.e., smearing trans-
formation and momentum-dependent factors. By introducing
smearing function
ρ
(
r − r′) = σ3
pi3/2
exp
[
−σ2 (r − r′)2] , (2)
the confining potential S (r) = br + c and one-gluon exchange
potential G(r) = −4αs(r)/(3r) are smeared out to
S˜ (r)/G˜(r) =
∫
d3r′ρ(r − r′)S (r′)/G(r′). (3)
This smearing treatment actually takes into account the non-
locality property of interaction between quark and antiquark.
Besides, a general relativistic form of the potential should be
dependent on momenta of interacting quarks in the center-of-
mass system, so a smeared potential V˜i(r) could be modified
according to
V˜i(r)→
(
mcmc¯
EcEc¯
)1/2+εi
V˜i(r)
(
mcmc¯
EcEc¯
)1/2+εi
, (4)
where Ec = (p2 + m2c)
1/2 and Ec¯ = (p2 + m2c¯)
1/2 and a param-
eter εi corresponds to a different type of interaction, such as
contact, vector spin-orbit, etc [34].
In order to include the unquenched effect in this potential
model, we need to consider the screening effect, which can be
achieved by modifying a linear confining br + c as
S scr(r) =
b(1 − e−µr)
µ
+ c.
A similar smearing transformation and momentum-dependent
factor for the S scr(r) are also performed, and the more detailed
4descriptions of this unquenched potential model can be found
in Ref. [76]. To some extent, this unquenched potential model
by considering a screening effect is partly equivalent to the
coupled channel effect [57, 76]. The screening effect has also
been supported by unquenched lattice QCD calculations [80,
81].
When we get the charmonium mass spectrum, the numer-
ical spatial wave functions are obtained by this unquenched
potential model, which can be applied to calculate the open-
charm decays of the discussed charmonia. To quantitatively
study their decay behaviors, we will employ the quark pair
creation (QPC) model [82, 83], which is a successful phe-
nomenological method to deal with the Okubo-Zweig-Iizuka
(OZI)-allowed strong decays of hadrons. In the following, we
concisely introduce it.
In the QPC model, the transition matrix of the process
A → B + C can be written as 〈BC|T |A〉 = δ3(PB +
PC)MMJAMJBMJC (P), where the transition operator T describes
a quark-antiquark pair creation from the vacuum and reads as
T = −3γ
∑
m,i, j
〈1m; 1 − m|00〉
∫
dp3dp4δ3(p3 + p4)
×Y1m
(p3 − p4
2
)
χ341,−mφ
34
0
(
ω340
)
i j
b†3i(p3)d
†
4 j(p4). (5)
We introduce a dimensionless constant γ depicting the
strength of the quark pair creation from the vacuum, which
can be fixed by fitting the experimental data. Later, we dis-
cuss how to fix it by the present charmonium data. χ341,−m is
a spin-triplet state, and φ340 and ω
34
0 denote SU(3) flavor and
color singlets, respectively. Y`m(p) ≡ |p|`Y`m(θp, φp) denotes
the `-th solid harmonic polynomial. By the Jacob-Wick for-
mula [84], the helicity amplitudesMMJAMJBMJC (P), which are
extracted by the transition matrix element, could be related to
the partial wave amplitudes, i.e.,
MJL(A→ BC) =
√
(2L + 1)
2JA + 1
∑
MJBMJC
〈L0; JMJA |JAMJA〉
×〈JBMJB ; JCMJC |JAMJA〉MMJAMJBMJC (P),
(6)
where J = JB + JC , and L is the orbital angular momentum
between final states B and C. The general partial width of the
A→ BC reads as
ΓA→BC = pi2
|PB|
m2A
∑
J,L
|MJL(P)|2.
In the above expression, mA is the mass of the initial state A.
By this adopted unquenched potential model, we get the nu-
merical spatial wave functions of the involved charmonia and
charmed/charm-strange mesons. It can eliminate the parame-
ter dependence of theoretical results compared to the previous
calculation [55]. In addition, the relevant mass values of in-
volved mesons are taken from the PDG [9] while the masses
of the discussed missing charmonia in this work are from
our theoretical calculation. In our calculation, the constituent
quark mass mc, mu = md, and ms are taken as 1.65 GeV, 0.22
GeV and 0.419 GeV, respectively. A parameter γ = 5.84 for
qq¯ can be extracted by fitting the experimental data as shown
in Table I, where χ2/d.o. f = 3.6/3 = 1.20 is obtained. And
then, the strength for ss¯ creation satisfies γs = γ/
√
3 which
was suggested in Ref. [83].
TABLE I: Total widths of observed charmonia above an open charm
threshold. ΓExpt., ΓTh. and ΓError are the experimental data, theoretical
width, and fitting error, respectively. The parameter γ = 5.84 is
obtained by fitting experimental widths with χ2/d.o. f = 1.20. All
results are in units of MeV.
Charmonium n2S+1LJ ΓExpt. [9] ΓTh. ΓError
ψ(3770) 13D1 27.2 ± 1.0 33.9 6
ψ(4160) 23D1 70 ± 10 72.2 10
ψ(4040) 33S 1 80 ± 10 66.7 10
χc2(2P) 23P2 24 ± 6 28.4 6
B. Charmonium mass spectrum by scaling Y(4220) as ψ(4S )
In this subsection, the main task is to present the charmo-
nium mass spectrum by the unquenched model when scaling
Y(4220) as ψ(4S ). Until now, there are fourteen established
charmonia [9] together with Y(4220), which can be employed
to limit our potential model parameters. These parameters
mainly include the charm quark mass, three screening con-
finement parameters, and four εi related to the relativistic cor-
rections of momentum factors. By using the following set of
parameters,
εc = −0.084, εt = 0.012, εsov = −0.053, εsos = 0.083,
b = 0.2687, c = −0.3673, mc = 1.65 GeV, µ = 0.15, (7)
we find the global aspect of charmonium mass spectrum could
be well reproduced. The screening parameter µ = 0.15 in-
dicates the unquenched effects may be very important for
the charmonium family. Based on the above parameters,
the charmonium spectrum in our unquenched potential model
are summarized in Table II, where the experimental masses
of observed charmonia are also given. From Table II, we
can clearly see that the charmonium mass spectrum below
4.2 GeV is well described, especially for the S -wave ground
states. In this Table, we identify Y(4220) as our ψ(43S 1).
Therefore, the first key point of constructing the whole char-
monium spectrum by the updated Y(4220) has been achieved.
C. ψ(4S ) and ψ(3D)
In this subsection, we firstly discuss the OZI-allowed strong
decay behavior of ψ(4S ). We get the total decay width
27.2 MeV for ψ(4S ) when the input mass is chosen as 4274
MeV. The above results show that treating the charmonium-
like Y(4220) state [60, 65, 67] as ψ(4S ) state is reasonable
5TABLE II: The charmonium mass spectrum calculated by the un-
quenched potential model. Y(4220) is identified as ψ(43S 1) in our
calculation. All results are in units of MeV. Here, we also list the
experimental data for comparison with the theoretical results.
State Mass Expt. [9] State Mass Expt. [9]
ηc(11S 0) 2981 2983.9±0.5 ψ(13D1) 3830 3778.1±1.2
ψ(13S 1) 3096 3096.9±0.006 ψ2(13D2) 3848 3822.2±1.2
ηc(21S 0) 3642 3637.6±1.2 ψ3(13D3) 3859 · · ·
ψ(23S 1) 3683 3686.097±0.01 ηc2(21D2) 4137 · · ·
ηc(31S 0) 4013 · · · ψ(23D1) 4125 4159±20
ψ(33S 1) 4035 4039±1 ψ2(23D2) 4137 · · ·
ηc(41S 0) 4260 · · · ψ3(23D3) 4144 · · ·
ψ(43S 1) 4274 4230±8 ηc2(31D2) 4343 · · ·
ηc(51S 0) 4433 · · · ψ(33D1) 4334 · · ·
ψ(53S 1) 4443 · · · ψ2(33D2) 4343 · · ·
hc(11P1) 3538 3525.38±0.11 ψ3(33D3) 4348 · · ·
χc0(13P0) 3464 3414.71±0.3 ηc2(41D2) 4490 · · ·
χc1(13P1) 3530 3510.67±0.05 ψ(43D1) 4484 · · ·
χc2(13P2) 3571 3556.17±0.07 ψ2(43D2) 4490 · · ·
hc(21P1) 3933 · · · ψ3(43D3) 4494 · · ·
χc0(23P0) 3896 3918.4±1.9 hc3(11F3) 4074 · · ·
χc1(23P1) 3929 - χc2(13F2) 4070 · · ·
χc2(23P2) 3952 3927.2±2.6 χc3(13F3) 4075 · · ·
hc(31P1) 4200 · · · χc4(13F4) 4076 · · ·
χc0(33P0) 4177 · · · hc3(21F3) 4296 · · ·
χc1(33P1) 4197 · · · χc2(23F2) 4293 · · ·
χc2(33P2) 4213 · · · χc3(23F3) 4297 · · ·
hc(41P1) 4389 · · · χc4(23F4) 4298 · · ·
χc0(43P0) 4374 · · · ηc4(11G4) 4250 · · ·
χc1(43P1) 4387 · · · ψ3(13G3) 4252 · · ·
χc2(43P2) 4398 · · · ψ4(13G4) 4251 · · ·
ηc2(11D2) 3848 · · · ψ5(13G5) 4249 · · ·
since the resonance parameter of Y(4220) can be reproduced
under the ψ(4S ) assignment. Our result also supports the con-
clusion of the ψ(4S ) as a narrow state in Ref. [55].
In the following, we further list the obtained branching ra-
tios of the open-charm decay channels of ψ(4S ), i.e.1,
B[ψ(4S )→ DD¯] = 9.39%, (9)
B[ψ(4S )→ DD∗] = 0.347%, (10)
B[ψ(4S )→ D∗D¯∗] = 87.7%, (11)
B[ψ(4S )→ DsD¯s] = 7.13 × 10−2%, (12)
B[ψ(4S )→ DsD∗s] = 2.50%, (13)
B[ψ(4S )→ D∗sD¯∗s] = 3.38 × 10−2%. (14)
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FIG. 3: The experimental data of the open charm decay channels
from e+e− annihilation. Here, (a) e+e− → DD¯ [74]; (b) e+e− →
D∗+D∗− [90]; (c) e+e− → D+D∗− [90]. The red and blue dashed
vertical lines correspond to the c.m. energy of 4.22 and 4.38 GeV,
respectively.
For ψ(4S ), the main decay modes are composed of six typ-
ical open-charm decays just shown in Eqs. (9)-(14). If iden-
tifying Y(4220) to be a ψ(4S ) state, this Y(4220) structure
should be found in the corresponding open-charm decay chan-
nels. Especially, our result shows that D∗D¯∗ is the dominant
1 Here, ψ(4S ) → DD∗ denotes all the contributions of ψ(4S ) decays into
two pure neutral states φ+− and φ00 with a negative C parity, where φ+− =
1√
2
[D+D∗−+C′D−D∗+] and φ00 = 1√
2
[D0D¯∗0 +C′D¯0D∗0]. Also, ψ(4S )→
DsD∗s is an abbreviation of the ψ(4S ) decay into a pure neutral system
φ+−ss¯ =
1√
2
[D+s D
∗−
s +C′D−s D∗−s ]. Here, C′ = +1 was suggested for the DD¯∗
system with a negative C parity (see the discussions in Refs. [85–89]).
We need to emphasize that the results of decay widths are not affected by
the convention of C′. When calculating the processes listed in Eqs. (21)-
(24), we also need to construct the corresponding pure neutral states by
the similar approach. According to the above convention, we obtain the
relation of decay amplitude
MDD¯∗ =
1√
2
[Modd +Meven], (8)
whereMeven = 0 for charmonia with JPC = 1−− decay due to the constraint
of C-parity conservation. Thus, finally we get Modd =
√
2MDD¯∗ , where
MDD¯∗ can be calculated by the QPC model.
6decay channel of ψ(4S ). In Fig. 3, we collect the experi-
mental data of open-charm decay channels from the e+e− an-
nihilation, which were released by the Belle Collaboration as
early as 2007 [74, 90]. There does not exist the evidence of
enhancement structures around 4.2 GeV to support this sce-
nario of Y(4220) as ψ(4S )2. Here, we should point out that
the Belle measurements of the open-charm decay channels are
still rough since the bin size of energy is large, which is not
enough to provide a definite test of this scenario, especially for
a narrow charmonium. Thus, we should wait for more precise
data from BESIII and Belle II.
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FIG. 4: The experimental data of the open-charm channels e+e− →
DD¯∗2 → D0D−pi+ [75] (upper panel) and e+e− → D0D∗−pi+ [91]
(lower panel). The red and blue dashed vertical lines correspond
to the c.m. energy of 4.385 and 4.420 GeV, respectively.
In 2018, the BESIII Collaboration released the measure-
ments of the cross section of e+e− → D0D∗−pi+ [91]. In
their analysis, the e+e− → D∗D¯∗ → D0D∗−pi+ contribution
was rejected, and the e+e− → D∗2(2460)+D∗− → D0D∗−pi+
and e+e− → D1(2420)0D0 → D0D∗−pi+ are allowed [91].
A clear enhancement around 4.23 GeV was observed in the
D0D∗−pi+ invariant mass spectrum, which hints that this struc-
ture may have a strong coupling to the virtual D1(2420)0D0
channel. Under our ψ(4S ) scenario, this phenomenon can
be qualitatively understood. In Sec. II B, the sreening pa-
rameter µ reflects the importance of a screening effect, which
means that the coupled-channel effect plays an important role
to modulate a bare state of ψ(4S ) due to the partial equiva-
lence between screening and coupled-channel effects [57]. A
bare ψ(4S ) state associated with other channels like DD¯, DD∗,
2 When carefully checking the e+e− → DD¯, we notice one jumping experi-
ment point at Ecm = 4.210 GeV, which may show a possible enhancement.
Although this phenomenon should be confirmed by precise measurements,
our result indeed gives that ψ→ DD¯ is sizable.
and D∗D¯∗ strongly couples to the nearby D1(2420)D channel,
which shifts the original mass of ψ(4S ) to the present value
4274 MeV. Here, interaction between ψ(4S ) and D1(2420)D
is a typical S -wave coupling while coupling of ψ(4S ) with
DD¯, DD∗, and D∗D¯∗ occurs via P-wave interaction. Thus,
D1(2420)D is one of the most important channels among
the allowed coupled channels for ψ(4S ), which results in a
chain reaction e+e− → ψ(4S ) → D0D∗−pi+ via the virtual
D1(2420)0D0 as revealed by BESIII [91].
Although our theoretical results on ψ(4S ) are in good agree-
ment with the experimental data of Y(4220), we cannot fully
exclude a possibility of an extotic Y(4220), where a popular
one is the charmonium hybrid state assignment to Y(4220) (a
detailed discussion can be found in Ref. [41]). For the char-
monium hybrid, the calculation of QCD sum rule [92, 93] and
flux tube model [94] suggest that the decay into two S -wave
charmed mesons D(∗)D¯(∗) is suppressed. Instead, the modes of
one S -wave and one P-wave charmed mesons are very impor-
tant. Thus, an experimental study of the open-charm channel
D(∗)D¯(∗) will provide a crucial test of different assignments to
the Y(4220) since a charmonium has open-charm decay be-
havior different from a charmonium hybrid.
If explaining the charmoniumlike state Y(4220) as a ψ(4S )
state, we may expect an existence of its D-wave partner ψ(3D)
state, which is still missing in experiment. Our calculation
shows that the mass and total width of ψ(3D) are 4.334 GeV
and 28.8 MeV, respectively. Similar to ψ(4S ), ψ(3D) is also a
narrow charmonium.
The calculated branching ratios of the open-charm decays
of ψ(3D) are
B[ψ(3D)→ DD¯] = 36.8%, (15)
B[ψ(3D)→ DD∗] = 4.68%, (16)
B[ψ(3D)→ D∗D¯∗] = 32%, (17)
B[ψ(3D)→ DsD¯s] = 3.33 × 10−2%, (18)
B[ψ(3D)→ DsD∗s] = 1.22%, (19)
B[ψ(3D)→ D∗sD¯∗s] = 0.583%, (20)
B[ψ(3D)→ DD1(2420)] = 7.65%, (21)
B[ψ(3D)→ DD1(2430)] = 16.4%, (22)
B[ψ(3D)→ DD∗2(2460)] = 0.235%, (23)
B[ψ(3D)→ D∗D0(2400)] = 0.408%. (24)
Thus, DD¯ channel is the dominant decay mode of the ψ(3D)
state. The Belle data of e+e− → DD¯, however, does not show
the evidence of ψ(3D) as presented in Fig. 3 (a).
We try to find the evidence of ψ(3D) in the reported data of
charmoniumlike states and notice the famous Y(4360) from
the e+e− → ψ(3686)pi+pi− [9]. The mass of Y(4360) is close
to that of ψ(3D), but the width of Y(4360) is broader than the
predicted ψ(3D). This deviation should be faced when treating
Y(4360) as ψ(3D). In addition, the e+e− annihilation decays
of D-wave vector quarkonium states are generally one to three
orders of magnitude smaller than those of corresponding S -
wave states [79]. Thus, it is not an easy task to observe this
3D state through the hidden charm decay channels from the
electron-positron annihilation.
7When further checking the early data of the open-charm
process e+e− → DD¯∗2 → D0D−pi+ in Fig. 4 (a), a suspicious
signal at 4.37 GeV is found. We may consider whether this
enhancement structure is the predicted ψ(3D). However, our
result indicates that ψ(3D) → DD∗2(2460) has a tiny partial
width (67.6 keV). It is obvious that this structure in e+e− →
DD¯∗2 → D0D−pi+ cannot explain a ψ(3D) state. To understand
this puzzling phenomenon, we need a new idea.
As mentioned in Introduction, the established charmonium
states ψ(3686) and ψ(3770) are admixtures with a small S -
D mixing angle rather than a pure S -wave or D-wave state
[36]. This lesson tells us that 4S -3D mixing scheme should
be considered, which may shed light on the above puzzling
phenomenon. In the next subsection, we pay more attention
to this issue.
D. 4S -3D mixing scheme
In this subsection, we discuss the 4S -3D mixing scheme.
Under this framework, we introduce( |ψ′4S−3D〉|ψ′′4S−3D〉
)
=
(
cos θ sin θ
− sin θ cos θ
) ( |43S 1〉
|33D1〉
)
(25)
to describe the 4S -3D mixing. Here, θ denotes the mixing
angle. Then, the mass eigenvalues of ψ′4S−3D and ψ
′′
4S−3D are
determined by the masses of two basis vectors m4S , m3D and
the mixing angle θ, i.e.,
m2ψ′4S−3D =
1
2
(
m24S + m
2
3D −
√
(m23D − m24S )2 sec2 2θ
)
, (26)
m2ψ′′4S−3D =
1
2
(
m24S + m
2
3D +
√
(m23D − m24S )2 sec2 2θ
)
. (27)
As shown in Table II, the masses of pure 4S and 3D cc¯ states
are obtained by our unquenched potential model. Thus, we
take the mass m4S = 4274 MeV and m3D = 4334 MeV as
input, and present the dependence of mψ′4S−3D and mψ′′4S−3D on θ
(see Fig. 5)3. This figure shows that mψ′4S−3D (mψ′′4S−3D ) becomes
lower (higher) than m4S (m3D) when increasing the absolute
value of θ.
Focusing on the interesting Y(4220), we discuss the treat-
ment of Y(4220) as ψ′4S−3D. According to the experimental
results for Y(4220) [60, 62, 65, 67, 91], we set the mass range
of Y(4220) to be 4204 ∼ 4243 MeV, which is lower than the
mass of ψ(4S ). In fact, this mass difference between Y(4220)
3 If checking former work of the GI model, we find that the treatment to
mixing scheme under the framework of the GI model is not good enough.
For example, K1(1270) and K1(1400) are mixing states of 11P1 and 13P1
states. In Ref. [95], the mixing angle θK1 determined by the spin-orbit in-
teraction of the GI model is −5◦, which is far smaller than the mixing angle
extracted by the experimental information [96]. Considering this situation,
in this work we discuss the S -D mixing by a phenomenological approach
without adopting the direct calculation by the GI model. A comprehensive
study of mixing phenomena in charmonium family is a very interesting
research topic, which should be seriously investigated in future work.
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and pure ψ(4S ) is also a main motivation to stimulate us to
introduce the 4S -3D mixing scheme.
Using the mass range of Y(4220), we may predict the mass
range (4364 ∼ 4400 MeV) for ψ′′4S−3D given in Fig. 5. Since
its central value is 4384 MeV, we tentatively name this ψ′′4S−3D
state as ψ(4380) in the following discussion, which is nothing
but the partner of the discussed Y(4220). The corresponding
mixing angle θ = ±(30◦∼36◦) is obtained.
In the 4S -3D mixing scheme, we need to illustrate the de-
cay properties of Y(4220), and further give the decay behav-
iors of its partner ψ(4380), which are collected in Fig. 6. We
notice that the decay behavior of Y(4220) under this 4S -3D
mixing scheme is similar to that of Y(4220) as a pure ψ(4S )
state when taking a positive mixing angle. That is, the ob-
tained total decay width is 26.0 MeV, and the obtained partial
widths of the allowed strong decays of Y(4220) are listed in
Table III, where a typical θ = +34◦, which corresponds to an
average measured mass of 4222 MeV for Y(4220), is taken.
When taking a negative mixing angle, the decay property of
Y(4220) under this 4S -3D mixing scheme is different from
that of Y(4220) as a pure ψ(4S ) state, where the total width
of Y(4220) as a mixture of 4S and 3D states becomes smaller
and the branching ratio of the DD∗ mode is larger than that of
the DD mode. Considering the above two cases, we suggest to
adopt a positive mixing angle θ = (30◦∼36◦) in the following
discussion.
Next, we investigate the decay behaviors of ψ(4380) with
the running of a mixing angle in Fig. 6. To our surprise, two
main conclusions can be made for the above mixing scheme:
1. The total width of ψ(4380) has a significant enhance-
ment, which shows that ψ(4380) should be a broad state
since its total width is nearly three times larger than that
of a pure ψ(3D) state (28.8 MeV). This conclusion can
8be understood as follows. Since the phase space from
the decays of ψ(4380) into P-wave and S-wave charmed
mesons is larger than that of a pure ψ(3D) state, the
channels of ψ(4380) have large contributions to the to-
tal decay width of ψ(4380).
2. The dominant decay channels of ψ(4380) are
DD1(2430), D∗D∗, and DD∗2(2460), especially
sizable enhancement of B(ψ(4380) → DD∗2(2460)).
Additionally, the contribution of the DD mode to the
total width becomes unimportant. Thus, the decay
behavior of ψ(4380) is totally different from a pure
ψ(3D) state. This result can be due to the change of
the spatial wave function of ψ(4380) obtained in the
4S -3D mixing scheme.
The concrete values reflecting the decay behaviors of ψ(4380)
are shown in Table III.
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FIG. 6: The open-charm decay behaviors of Y(4220) (left panel)
and ψ(4380) (right panel) as a function of the 4S -3D mixing angle θ.
The above information indicates that the potential enhance-
ment structure around 4.37 GeV existing in the e+e− →
DD¯∗2 → D0D−pi+ process (see Fig. 4 (a)) can be the pre-
dicted ψ(4380) because the ψ(4380) → DD∗2(2460) is one of
the dominant decay channels. Due to the tiny branching ra-
tio of ψ(4380) → DD¯, there should not exist any signal of
ψ(4380) in the reported e+e− → DD¯ data as shown in Fig.
3 (a). In addition, another experimental evidence of ψ(4380)
associated with the open charm process comes from the lat-
est measurement of e+e− → D0D∗−pi+ [91], where a broad
enhancement around 4.40 GeV is visible except for the ob-
servation of Y(4220). The BESIII Collaboration indicated
the broad structure may be from the contributions of ψ(4415)
and other resonances [91]. Depicting the experimental data
shown in Fig. 4 (b), we can see two clear enhancements near
4.38 GeV and 4.42 GeV. The former one implies an unknown
resonance and the latter one can be related to the established
ψ(4415). From our theoretical point of view, the ψ(4380) state
mainly decays to D0D∗−pi+ through the most dominant mode
D0D1(2430)0 and an important channel D0D1(2420)0. There-
fore, the recent BESIII experimental data can support our pre-
diction of a missing charmonium ψ(4380). In general, the
existence of ψ(4380) predicted in the present work does not
contradict the announced experimental results. We strongly
suggest that experimentalists carry out precise measurements
on the e+e− → D0D∗−pi+ and e+e− → D0D−pi+ processes,
which will provide a crucial test to our predictions. This is an
excellent opportunity for the upgraded Belle II and the run-
ning BESIII.
We also calculate the e+e− annihilation width of Y(4220)
and ψ(4380) by the formula with the first-order QCD radiative
corrections given in Refs. [97, 98], i.e.,
Γ(Y(4220)→ e+e−)
=
16pie2cα
2
0C
m2Y(4200)
∣∣∣∣∣∣∣cos θR4S (0) + 5
√
2
m2Y(4220)
sin θR′′3D(0)
∣∣∣∣∣∣∣
2
,(28)
Γ(ψ(4380)→ e+e−)
=
16pie2cα
2
0C
m2ψ(4380)
∣∣∣∣∣∣∣ 5
√
2
m2ψ(4380)
cos θR′′3D(0) − sin θR4S (0)
∣∣∣∣∣∣∣
2
,(29)
where ec = 2/3 and α0 = 1/137 are the charm quark charge
and fine structure constant, respectively, R4S (0) is the radial
4S -wave function at the origin, R′′3D(0) is the second derivative
of the radial 3D-wave function at the origin, and C = (1− 16αs3pi )
corresponds to the first-order QCD radiative correction with
αs = 0.26 [97]. With the above expression and taking our
obtained numerical spatial wave functions as input, we es-
timate the typical widths of 0.290 keV and 0.257 keV for
Y(4220) → e+e− and ψ(4380) → e+e−, respectively, by set-
ting θ = +34◦.
In Ref. [63], we once suggested the search for Y(4220) via
the hidden-charm process e+e− → ψ(3686)pi+pi−. Fortunately,
the recent BESIII’s analysis of the e+e− → ψ(3686)pi+pi− in-
deed shows the existence of a signal Y(4220) [64]. Stimu-
lated by this, it is interesting to search for the evidence of
the predicted ψ(4380) by this hidden-charm decay process. In
Sec. III, we concretely discuss whether the present data of
e+e− → ψ(3686)pi+pi− from BESIII [64] contains the signal of
the predicted ψ(4380).
E. Settlement of ψ(4415) in the J/ψ family
Although ψ(4415) was firstly reported in 1976 [8], its inner
structure of ψ(4415) is still waiting for being revealed. When
categorizing Y(4220) into the J/ψ family, we must face how
to settle ψ(4415) in the J/ψ family, which is one of the main
tasks in this work.
The mass spectrum result in Table II shows that the mass of
ψ(4415) is close to that of ψ(5S ). Thus, we propose 5S -4D
mixing scheme to study ψ(4415), which also borrows the idea
when dealing with Y(4220) in Sec. II D. To depict this mixing
9TABLE III: Partial widths of open-charm strong decays for the charmonium ψ(4220), ψ(4380), ψ(4415), and ψ(4500) in units of MeV. Here,
mixing angles for 4S -3D wave and 5S -4D wave admixtures are taken as ±34◦ and ±30◦, respectively.
Scheme I with positive angle Scheme II with negative angle
Channels ψ(4220) ψ(4380) ψ(4415) ψ(4500) ψ(4220) ψ(4380) ψ(4415) ψ(4500)
DD 3.29 2.74 4.14 2.01 0.0184 21.3 7.93 × 10−3 10.4
DD∗ 0.723 10.1 5.00 × 10−3 3.72 3.04 0.0338 0.0538 0.112
DD1(2420) · · · 7.14 2.94 4.24 · · · 7.77 2.92 4.60
DD1(2430) · · · 16.5 3.31 6.26 · · · 23.7 1.76 7.35
DD∗2(2460) · · · 13.5 0.109 4.05 · · · 0.102 0.943 2.13 × 10−3
DD(2550) · · · · · · 0.0566 0.853 · · · · · · 0.0455 6.25
DD∗(2600) · · · · · · · · · 2.77 × 10−4 · · · · · · · · · 0.0674
D∗D∗ 21.8 14.0 8.42 6.50 12.9 14.8 5.65 7.02
D∗D∗0(2400) · · · 3.65 0.685 3.48 · · · 3.65 0.685 3.48
D∗D1(2420) · · · · · · · · · 0.284 · · · · · · · · · 0.305
D∗D1(2430) · · · · · · · · · 0.259 · · · · · · · · · 0.199
D∗D∗2(2460) · · · · · · · · · 0.466 · · · · · · · · · 0.737
DsDs 0.144 0.0246 2.33 × 10−3 0.0113 7.89 × 10−4 0.169 1.03 × 10−4 0.0586
DsD∗s 0.0486 0.610 0.0625 0.244 0.605 1.10 × 10−4 0.448 3.61 × 10−3
D∗sD
∗
s · · · 0.330 0.222 0.124 · · · 0.938 0.119 0.409
Total 26.0 MeV 68.6 MeV 19.9 MeV 32.6 MeV 16.5 MeV 72.5 MeV 12.6 MeV 41.1 MeV
scheme, we have an expression( |ψ′5S−4D〉|ψ′′5S−4D〉
)
=
(
cos φ sin φ
− sin φ cos φ
) ( |53S 1〉
|43D1〉
)
, (30)
where φ is a mixing angle. The masses of ψ(5S ) and ψ(4D)
are taken from our calculations listed in Table II. Then, the
dependence of the masses of ψ′5S−4D and ψ
′′
5S−4D on φ is given
in Fig. 7.
In the following, we discuss the possibility of ψ(4415) as
ψ′5S−4D state. In our study, the mass range of ψ(4415) is from
PDG [9], i.e., mψ(4415) = 4397 ∼ 4438 MeV. Thus, we obtain
the mixing angle φ = ±(18∼36)◦ and the predicted mass of
the ψ′′5S−4D state to be 4489 ∼ 4529 MeV as shown in Fig. 7.
The typical value φ = ±30◦ and mψ′′5S−4D = 4503 MeV directly
correspond to a central value of mass of ψ(4415). This ψ′′5S−4D
state is named as ψ(4500) for convenience of the following
discussion.
Under the 5S -4D mixing scheme, we illustrate the decay
behaviors of ψ(4415) and ψ(4500) dependent on the mixing
angle φ in Fig. 8. We notice that within the allowed range of
φ, the theoretically obtained total decay width of ψ(4415) is
smaller than the average width value (62±20 MeV) of ψ(4415)
collected in PDG [9]. Although 43 years have passed, the res-
onance parameters were not established well since the results
from different experimental groups are very different. This
can be seen in Fig. 9, and most of the results are from in-
clusive processes of the e+e− annihilation. Thus, we cannot
test the assignment of ψ(4415) as a 5S -4D mixing state by
the present experimental width of ψ(4415). Considering this
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FIG. 7: The masses of ψ′5S−4D and ψ
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5S -4D mixing angle φ. The red and blue bands denote the measured
mass range of ψ(4415) and the predicted mass range of ψ(4500),
respectively, where the dashed horizontal lines correspond to each
average value. The two shaded regions represent the mixing angle
interval, in which the theoretical results of ψ′5S−4D meet the measure-
ments of ψ(4415).
situation, we strongly suggest to carry out the precise mea-
surement of the resonance parameters of ψ(4415) especially
by exclusive processes (open-charm and hidden-charm chan-
nels) of the e+e− annihilation, which will be an important task
left for the experimentalist.
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The dominant decay modes of the ψ(4415) state are pre-
dicted to be D∗D∗, DD1(2420), and DD1(2430), and the cor-
responding branching ratios as a function of a mixing an-
gle are shown in Fig. 8. This means that the decay chains
ψ(4415) → DD1(2420)/DD1(2430) → DD∗pi are allowed.
The latest measurements of e+e− → D0D∗−pi+ by BESIII [91]
indeed indicate a possible signal near 4.42 GeV as shown in
Fig. 4 (b). In 2009, the BaBar Collaboration released two
ratios [102]
Γ(ψ(4415)→ DD¯)
Γ(ψ(4415)→ D∗D¯∗) = 0.14 ± 0.12 ± 0.03, (31)
Γ(ψ(4415)→ D∗D¯ + c.c.)
Γ(ψ(4415)→ D∗D¯∗) = 0.17 ± 0.25 ± 0.03, (32)
which show the decay width of ψ(4415) → D∗D¯∗ is much
larger than those of other two decay channels. This experi-
mental result is consistent with our calculation for ψ(4415).
Due to large errors, the above two experimental data cannot
be applied to distinguish positive and negative mixing angles.
Thus, more accurate measurements are still necessary. In Ta-
ble III, we list the typical partial decay widths of the open-
charm decay channels of ψ(4415) and ψ(4500) when taking
typical φ = +30◦ and φ = −30◦.
Additionally, we need to point out that the ψ(4415) decays
into a pair of S-wave charmed-strange mesons are not obvi-
ous, which means that it is not an easy task to find a ψ(4415)
signal in the e+e− → D(∗)s D(∗)s processes. In Ref. [103, 104],
e+e− → D∗+s D∗−s and e+e− → D∗+s D−s were analyzed, where
ψ(4415) → D∗+s D∗−s was observed, but ψ(4415) → D∗+s D−s
was not seen, which are in accord with our results for the DsD∗s
and D∗sD¯∗s in Table III.
Another interesting decay mode is DD∗2(2460), whose es-
tablishment has been experimentally achieved in the cross sec-
tion measurements of the process e+e− → D0D−pi+ by Belle
[75]. As shown in Fig. 4 (a), they confirmed the existence
of ψ(4415), and released the peak cross section σ(e+e− →
ψ(4415) → DD¯∗2(2460) → D0D−pi+) = 0.74 ± 0.17 ± 0.08 nb
[75]. Generally speaking, the branching ratio of ψ(4415) →
DD¯∗2(2460) may be extracted from the above experimental
data, and this depends on the input of mass, total decay width,
and di-lepton width of ψ(4415). We must note that the experi-
mental resonance parameters of ψ(4415) are quite inconsistent
among several experiments as shown in Fig. 9. Thus, we can-
not directly compare the result of B(ψ(4415) → DD∗2(2460))
between experiment and our prediction. Our theoretical re-
sult for B(ψ(4415) → DD∗2(2460)) is 1.8 ∼ 10.6% and
0.12 ∼ 3.1% in the negative and positive angles, respectively,
which do not contradict the experimental observation.
We finally discuss the di-lepton width of ψ(4415), which
is the last remaining and available experimental information.
Theoretically, the lepton width of a charmonium is propor-
tional to a value of a resonance wave function at the origin.
Our estimate gives Γ(ψ(4415) → e+e−) = 0.303 ∼ 0.344 or
0.147 ∼ 0.251 keV in the mixture scheme with negative and
positive angles, respectively. Similar to the measured reso-
nance parameters of ψ(4415), the experimental differences of
the di-lepton widths can be easily seen in Fig. 9. Here, our di-
lepton width can meet the measured values of 0.35± 0.12 and
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FIG. 8: The open-charm decay behaviours of ψ(4415) (left panel)
and ψ(4500) (right panel) as a function of the 5S -4D mixing angle φ.
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FIG. 9: The experimental resonance parameters and di-lepton width
of ψ(4415) from measurements of MARK1 [8], DASP [7], RVUE
[99, 100], Belle [75], and BESII Collaboration [101].
0.44 ± 0.14 keV from BESII [101] and MARK1 [8] within
the experimental error range, respectively. Therefore, more
precise measurements on ψ(4415) are important to test our as-
signment of the 5S -4D mixing state.
We further predict the decay properties of the charmonium
partner ψ(4500) of ψ(4415), whose total and partial widths of
open-charm channels by varying the mixing angle are shown
in Fig. 8. In the positive and negative mixing schemes,
the total widths of 36 ∼ 45 MeV and 30 ∼ 41 MeV for
ψ(4500) are obtained, respectively. The dominant decay chan-
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nels of ψ(4500) are DD1(2430), DD, D∗D∗, DD(2550), and
DD1(2420). Additionally, the DD∗2(2460) and DD
∗ are also
main decay modes when mixing angle φ > 0, while the
D∗D∗0(2400) is not negligible in φ < 0. Their corresponding
typical partial decay widths including both positive and nega-
tive mixing schemes are listed in Table III. As for ψ(4500),
we can see that the decay modes DD1(2420), DD1(2430),
D∗D∗0(2400), and DD(2550) begin to become important. In
addition to the two-body decay modes DD and D∗D∗, the pre-
cise measurement of the three-body decay channel DD∗pi is
also recommended in searching for the predicted ψ(4500) in
future. The lepton annihilation width of ψ(4500) can also be
predicted in 5S -4D mixing scheme, which is 2.25 × 10−3 ∼
0.0502 and 0.0913 ∼ 0.189 KeV for the negative and posi-
tive angles, respectively. A such small lepton width compared
with ψ(4415), of course, causes the difficulty in searching for
ψ(4500) in the electron-positron collider.
III. HINT OF THE PREDICTED ψ(4380) EXISTING IN
e+e− → ψ(3686)pi+pi− DATA
It is interesting to notice that almost all the vector
charmonium-like states observed in the electron-positron an-
nihilation process were observed in the hidden charm chan-
nels, such as Y(4260), Y(4220), and Y(4320) in the pi+pi−J/ψ
mode, Y(4360) an Y(4660) in the pi+pi−ψ(2S ) mode, since the
final states of these hidden charm decay modes are easier to
be detected or reconstructed. Therefore, a search for higher
excited charmonia in the hidden charm processes will be in-
teresting. However, as for higher excited charmonia, their
mass splitting and their width are of the same order, thus the
interferences between these resonances will become impor-
tant. In Ref. [72], the authors suggest that the experimen-
tal cross sections for e+e− → J/ψpi+pi− and e+e− → hcpi+pi−
reported by the BESIII Collaboration can be reproduced by
considering the contributions from three charmonium reso-
nances ψ(4160), Y(4220), and ψ(4415) and interferences with
a nonresonance background, which is a kind of the Fano-like
interference. Since such an interference effect is a general
quantum phenomenon, it has been applied to atomic and nu-
clear physics a long time ago to understand experimental data
[105, 106]. Specifically, the peak position of a genuine eigen-
state is shifted by interferencing with the continuum via the
Fano Hamiltonian and the corresponding Breit-Wigner distri-
bution will be asymmetrically distorted [107]. The applica-
tion of the Fano interference effect can explain why two well
established charmonium ψ(4160) and ψ(4415) have no obvi-
ous signals in the cross sections for e+e− → pi+pi−J/ψ and
e+e− → pi+pi−hc [65, 67]. Similarly, we can extend such a kind
of analysis to the cross sections for e+e− → ψ(3686)pi+pi− in
the present work.
Recently, the BESIII Collaboration reported their precise
measurements of the cross sections for e+e− → ψ(3686)pi+pi−
process [64], which provides us a good chance to revise
whether there are more potential structures other than ψ(4160)
and ψ(4415) as in Ref. [73]. In addition, it may provide an
evidence of the predicted ψ(4380) in the hidden-charm chan-
nel of ψ(3686)pi+pi−. In the Fano interference frame work,
we firstly introduce an amplitude of a continuum background,
which can be phenomenologically parameterized as,
MNoR = gu2e−au2 (33)
with u =
√
s−∑ f m f being the available kinetic energy, where∑
f is the sum of masses of final states. In the nonresonance
amplitude, two phenomenological parameters a and g are
introduced, which are obviously related to non-perturbative
QCD, and thus cannot be estimated from the first principle.
The genuine resonance contribution is described by a phase
space corrected Breit-Wigner distribution, which is
MR(ψ) =
√
12piΓe+e−ψ × B(ψ→ pi+pi−ψ(3686))Γψ
s − m2ψ + imψΓψ
×
√
Φ2→3(s)
Φ2→3(m2ψ)
, (34)
where Φ2→3 denotes the phase space of e+e− → pi+pi−ψ(3686)
and ψ is the intermediate vector charmonium. Here, the prod-
uct of the electronic annihilation width Γe
+e−
ψ and branching
ratio B(ψ → pi+pi−ψ(3686)) is treated as a free parameter Rψ.
The total amplitude is the coherent sum of the nonresonance
and resonance amplitudes, which is
MTotal =MNoR +
∑
k
eiφkMR(ψk), (35)
where φk is the phase angle between the continuum and the
k-th intermediate resonance contribution.
It is worth mentioning that Y(4220) has been observed in
the recent experimental data of e+e− → pi+pi−ψ(3686) from the
BESIII Collaboration [64]. So, we first fit the cross sections
for e+e− → pi+pi−ψ(3686) with a nonresonance continuum and
three genuine resonances, which are ψ(4160), Y(4220), and
ψ(4415). We set the masses and widths of all the involved
resonances to be the average values of PDG [9]. The fitted
results and corresponding parameters are shown in Fig. 10
(black dashed curve) and Table IV, respectively. It is interest-
ing to notice that most of the experimental data can be repro-
duced in 3R scenario with χ2/d.o. f = 1.22. In particular, the
enhancement signal of Y(4220) is very clear.
The 3R scenario can reproduce most of the experimental
data, and it should also be mentioned that the data from BE-
SIII Collaboration obviously show the peak near 4.36 GeV in
the fitted curve. This fact inspires us to propose an improved
scheme, i.e., 4R fit scheme, where we consider an additional
unknown Y state with free mass and width to interfere with the
background and other resonances contributions. As shown in
Fig. 10 (red solid curve), the experimental data can be per-
fectly reproduced in a 4R fit scheme, which is also reflected
on an improved χ2/d.o. f = 0.748. The resonance parameters
of the Y state are fitted to be
m = 4374 ± 13 MeV,
Γ = 106 ± 29 MeV,
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which are consistent with our predicted ψ(4380) state. The
above results indicate a structure near 4.37 GeV should exist
and it cannot be simply described by the interferences from
three resonances ψ(4160), Y(4220), and ψ(4415) and contin-
uum contribution. In other words, this conclusion shows a
strong evidence of the existence of ψ(4380) dominated by the
3D-wave component in the hidden charm decay channel. At
last, all of the puzzles are well resolved under our proposed
theoretical picture, prompting us to have great confidence to
believe that two longtime missing states ψ(4S ) and ψ(3D) in
the vector charmonium family could be experimentally estab-
lished in the near future.
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FIG. 10: The fit to the cross section for the e+e− → ψ(2S )pi+pi−
reaction in the Fano-like interference picture under 3R and 4R fit
schemes. Here, the data of BaBar [108], Belle [62, 109] and latest
BESIII [64] are included.
TABLE IV: The parameters obtained by fitting the cross section for
e+e− → ψ(2S )pi+pi− [62, 64, 108, 109].
Parameters 3R Fit 4R Fit
g (MeV−1) 4.13 ± 0.32 0.79 ± 0.12
a (GeV−2) 5.11 ± 0.20 0.62 ± 0.50
Rψ(4160) (eV) 2.59 ± 0.86 4.75 ± 1.22
φ1 (rad) 4.54 ± 0.15 5.33 ± 0.25
RY(4220) (eV) 0.15 ± 0.09 5.67 ± 0.61
φ2 (rad) 1.79 ± 0.35 3.84 ± 0.26
Rψ(4415) (eV) 2.34 ± 0.46 0.30 ± 0.45
φ3 (rad) 3.39 ± 0.10 2.68 ± 0.98
mY (MeV) · · · 4374 ± 13
ΓY (MeV) · · · 106 ± 29
RY (eV) · · · 6.61 ± 2.91
φ4 (rad) · · · 2.40 ± 0.46
χ2/d.o. f 1.22 0.748
IV. SUMMARY
The observation of J/ψ particle in 1974 opens a new era of
particle physics [1, 2]. Since then, more and more charmonia
have been reported by experiments, which construct the main
body of the present cc¯ meson spectrum as listed in PDG [9].
Although the J/ψ family has become abundant with the effort
made by experimentalists, the J/ψ family is far from being
well established. In the past 15 years, the observations of a
series of charmoniumlike states have brought us a new chance
and challenge to study cc¯ meson spectrum [40, 41]. It is obvi-
ous that it is also a good opportunity for hadron physics.
In this work, we have focused on the updated data of
charmoniumlike Y states from the e+e− annihilations, and
have further revealed that Y(4220) observed in the e+e− →
J/ψpi+pi− processes is an important scaling point when con-
structing higher charmonia. Here, Y(4220) has been estab-
lished as a charmonium under 4S -3D mixing scheme, and
further theoretical prediction of its decay behaviors has been
given, which provides valuable information to test this sce-
nario. What is more important is that we have also predicted
the existence of the charmonium partner ψ(4380) of Y(4220).
According to our calculation, we have obtained its resonance
parameters and partial open-charm decay widths. Further-
more, we have also discussed how to identify the predicted
ψ(4380) by the present data of open-charm and hidden-charm
decay channels. Especially, we have analyzed the latest ex-
perimental data of e+e− → ψ(3686)pi+pi− measured by BESIII
[64] by combining with the Fano interference picture, where
the possible evidence of ψ(4380) has been found. Hence, we
suggest future experiments like BESIII and Belle II to hunt for
ψ(4380), which not only tests this charmonium assignment to
Y(4220), but pushes experimental progress on charmonium or
charmoniumlike states.
When finishing the study, we have to face another crucial is-
sue, i.e., how to settle the charmonium ψ(4415). In this work,
we have investigated ψ(4415) under 5S -4D mixing scheme,
and have found that the obtained results do not contradict with
the experimental data of ψ(4415). If carefully checking the
present experimental information listed in PDG [9], we notice
that the precision of data is not enough since even the first ob-
servation of ψ(4415) has passed 42 years [8]. Therefore, fur-
ther experimental studies on ψ(4415) are strongly encouraged,
especially at BESIII and Belle II. As a charmonium partner of
ψ(4415), a missing charmonium ψ(4500) has been predicted
in this work. The search for it will be an interesting research
issue.
We hope that our theoretical studies presented here can play
an important role in constructing the J/ψ meson spectrum, es-
pecially higher charmonia. More experimental and theoreti-
cal joint efforts on this topic will be necessary in forthcoming
years.
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Note added: When we are writing out the present work, we
have noticed a recent result from BESIII [110]. By analyzing
the data of the cross section of e+e− → ωχc0 from √s =
4.178 to 4.378 GeV, BESIIII has confirmed the existence of a
narrow structure Y(4220) at 4.2 GeV. Especially, BESIII has
also extracted the angular distribution of e+e− → ωχc0, which
shows that there exists the evidence for a combination of S
and D-wave contribution in the Y(4220) → ωχc0 [110]. This
updated measurement of e+e− → ωχc0 supports our 4S -3D
mixing scheme for Y(4220).
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